The band theory of solids is arguably the most successful theory of condensed matter physics, providing the description of the electronic energy levels in a variety of materials. Electronic wavefunctions obtained from the band theory allow for a topological characterization of the system and the electronic spectrum may host robust, topologically protected fermionic quasiparticles. Many of these quasiparticles are analogs of the elementary particles of the Standard Model, but others do not have a counterpart in relativistic high-energy theories. A full list of possible quasiparticles in solids is still unknown, even in the non-interacting case. Here, we report on a new type of fermionic excitation that appears in metals. This excitation forms a nodal chain -a chain of connected loops in momentum space -along which conduction and valence band touch. We prove that the nodal chain is topologically distinct from any other excitation reported before. We discuss the symmetry requirements for the appearance of this novel excitation and predict that it is realized in an existing material IrF4, as well as in other compounds of this material class. Using IrF4 as an example, we provide a detailed discussion of the topological surface states associated with the nodal chain. Furthermore, we argue that the presence of the novel quasiparticles results in anomalous magnetotransport properties, distinct from those of the known materials.
In metallic band structures valence and conduction bands overlap, and a degeneracy can occur between them at points, lines or planes in the Brillouin zone (BZ). In some cases, the degeneracies are stable against perturbations because their existence is protected by a topological invariant. If such degeneracies occur close to the Fermi level, also the low energy excitations of the metal are topologically protected [1] . This is the case in Weyl (Dirac) metals [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , where a topologically protected degeneracy of two (four) bands occurs at isolated points in the BZ [13] [14] [15] [16] [17] [18] [19] . Remarkably, these materials exhibit the chiral anomaly [20] [21] [22] [23] [24] and topological surface Fermi arcs [10, 11, 14, 25, 26] , while their low energy quasiparticle excitations correspond to Weyl (Dirac) fermions of the quantum field theory.
Topological metals can also host elementary excitations that do not have a direct analog in relativistic field theories [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . For example, in Weyl nodal line (NL) metals [29] [30] [31] [32] , two bands are degenerate along a line in the BZ. In the presence of spin-orbit coupling, this NL, referred to as an accidental NL (ANL) in the following, occurs on mirror-symmetric planes and is formed by crossing bands of opposite mirror-symmetry eigenvalue. The ANL materials are predicted to host flat topological drumhead states [30, 40] , which were argued to provide a route to higher-temperature superconductivity [41] . Given the variety of striking physical phenomena emerging from topological excitations in materials, the identification of novel topological phases and their material realizations is of fundamental importance.
In this work, we describe a new topological fermionic excitation -a nodal chain -and predict that an existing material IrF 4 and a family of related compounds host this novel state of matter. A nodal chain, illustrated in Fig. 1 , consists of NLs of a yet not described kind, whose properties are distinct from those of ANLs. The appearance of these NLs is enforced in the vicinity of the Fermi level of certain non-centrosymmetric materials provided their crystal structure has a non-symmorphic glide plane symmetry g = {σ|t} formed by a reflection σ, followed by a translation by a fraction of a primitive lattice vector t. For several space groups (see non-symmorphic NLs (NSNLs) appear on distinct highsymmetry planes, which are orthogonal to each other. The NSNLs located in different planes touch each other at points on a high-symmetry axis, forming a chain of double degeneracy that goes across the entire BZ.
To set the stage for the discussion of nodal chains, we first describe their building blocks, NSNLs. For spinorbit coupled systems g 2 = −e
, where k is the electron momentum and t is the in-plane component of t. This means the possible eigenvalues of g are η ± (k) = ±ie −ik·t , becoming k-dependent whenever t = 0 [42] . If in addition to a glide plane g time-reversal symmetry Θ is present in the system [see Supplementary Material (SM) for the generalization of the argument to antiferromagnetic systems], the relation Γ i · t = 0 (mod π 2 ) holds for any of the four in-plane time-reversal invariant momenta (TRIMs) Γ i , defined as Γ i = −Γ i + G with G a reciprocal lattice vector (see SM). This makes it possible for the two TRIMs Γ 1,2 to satisfy the relation
so that the glide eigenvalues η ± (k) are ±i at k = Γ 1 and ±1 at k = Γ 2 . Hence, along any in-plane path p that connects Γ 1 to Γ 2 , the glide eigenvalues η ± (k) must smoothly evolve from (+i, −i) to (+1, −1), as illustrated in Fig. 2a . But in Θ-symmetric systems the bands form Kramers pairs, which are degenerate at TRIMs and carry complex conjugate eigenvalues. Since at Γ 2 the eigenvalues are not complex conjugate anymore, they belong to different Kramers doublets, meaning that there are several Kramers pairs that switch partners along p, as shown in Fig. 2b . This argument holds for any in-plane path p, and thus there exists a nodal line (the NSNL) separating the two TRIMs, shown as a red loop in Fig. 2a .
A simple electron counting suggests that the NSNL is formed between valence and conduction bands whenever there are
filled bands, irrespective of all further material details. This is one of the differences between NSNLs and ANLs [31, 32] , which are accidental and not symmetryenforced (see SM for material examples of NSNLs formed by valence or conduction bands). The topological protection of NSNLs is similar to that of ANLs [43] . The corresponding topological invariant is defined on a gapped loop that is symmetric under the glide operation. The Berry phase accumulated by the valence bands on such a loop is equal to π times the number of NLs enclosed by the loop.
Due to the periodicity of k-space, a particular example of such a loop is a one-dimensional straight line threading across the BZ, orthogonal to the glide plane. For 1D insulators with spatial symmetries quantizing the Berry phase to either 0 or π, it is known that in the latter case a metallic end mode of half an electron charge has to exist [44, 45] . Considering a 3D crystal as a collection of coupled 1D chains, one arrives at the conclusion that the projection of the NSNL on a crystal surface has to enclose a topological metallic surface state, which is similar to the drumhead state of ANLs [40] .
Despite this similarity, we argue that low energy excitations produced by ANLs and NSNLs are very different. Unlike ANLs, NSNLs in Θ-symmetric noncentrosymmetric systems always enclose a TRIM, and thus a single nodal loop contains a time-reversed image of each Bloch state in addition to the state itself. In fact, if inversion symmetry breaking terms are smoothly tuned to zero in a NSNL Hamiltonian, the NSNL shrinks into a Dirac point [15, 16] (see SM). This leads to immediate consequences in transport.
In particular, as outlined in SM, application of a magnetic field in the direction orthogonal to the NSNL results in field-driven topological phase transitions. We find that the conduction and valence band Landau levels (LLs) touch at certain values B c of the magnetic field. Since application of a magnetic field orthogonal to the glide plane preserves the glide-plane, each LL has a well defined glide eigenvalue. At the touchings, the two LLs exchange glide eigenvalues, thus realizing a topological phase transition. Since momentum k B along the field direction is still a good quantum number and the glide plane quantizes the Berry phase of the effectively 1D system to either 0 or π, the field-driven band touchings change the Berry phase of the system by π. This results in pumping a charge of e/2 per area covered by a magnetic flux quantum to the surface of the sample parallel to the plane of the NSNL. Hence, a step change in the Hall response of the metallic surface state is expected at magnetic field values B c .
The response of the NSNLs to the mirror symmetry breaking in-plane magnetic field is also distinct from that of the ANLs. While for the latter the Landau spectrum is gapped, for NSNLs it is always gapless [46] . The crossing of the two LLs is protected by the the product symmetry Θ • g that survives the application of the in-plane field. The gapless structure of the LLs suggests unusual transport properties for materials hosting NSNLs when an electric field is aligned with the in-plane magnetic field, similar to case of the chiral anomaly in Weyl and Dirac semimetals [21] [22] [23] .
Having established the NSNLs, we are now in a position to tackle systems with two glide planes. Such systems can accommodate nodal chains formed by a pair of touching NSNLs located in mutually orthogonal planes, while the bands at the touching point are still only doubly degenerate. The nodal chain continues indefinitely in the extended k-space.
The critera for the occurrence of a nodal chain are: (1) The system has to be symmetric under two inequivalent glide planes g 1,2 = {σ 1,2 |t 1,2 } such that the criterion of equation (1) is fulfilled for the two TRIMs Γ 1,2 , located on the intersection of the two glide-invariant planes, for both translation vectors t 1,2 , and (2) the two bands forming the chain belong to two-dimensional representations at Γ 1,2 , which split into one-dimensional ones on the high-symmetry line connecting Γ 1 and Γ 2 .
Out of the 230 space groups [47, 48] , the ones satisfying the above criteria for two mutually orthogonal glide planes are listed in the catalog of Fig. 1 . The space group #110 (I4 1 cd) is discussed separately in SM. All the listed space groups must contain a nodal chain between the valence and conduction bands whenever the condition of equation (2) is satisfied. The bands forming the nodal chain are only doubly degenerate along the whole chain, including the touching points of the NSNLs. In all the cases shown in the catalog we find that at least one additional point of 4-fold degeneracy, formed by two Weyl points of opposite chirality, is present at a high-symmetry point on the BZ boundary [49] .
A nodal chain represents a novel topological excitation, distinct from a collection of NSNLs. To see this, first note that the two NSNLs that form a nodal chain cannot be separated. Indeed, the argument provided above for the appearance of the NSNL guarantees that there must be an odd number of band crossings along the highsymmetry line connecting Γ 1 and Γ 2 .
While a detailed study will be reported elsewhere [50] , the non-trivial transport properties of the nodal chain can be inferred from the above analysis of NSNLs in magnetic fields, suggesting several distinct scenarios for the LL spectrum. Here we proceed with the analysis of the topological surface states of nodal chains that we illustrate using a particular real material example.
We found the nodal chain state in iridium tetrafluoride (IrF 4 ). The orthorhombic crystal structure of this compound belongs to space group #43 (F dd2). The primitive unit cell contains two formula units [51] so that the number of electrons satisfies the constraint of equation (2) . Each Ir site is surrounded by an octahedron of six F atoms, four of which are shared between the neighboring octahedra. The octahedra form a bipartite lattice as shown in Fig. 3a -b (see SM for a more detailed description of the crystal structure of IrF 4 ). The space group contains two mutually orthogonal glide planes: g 1 (g 2 ) formed by a reflection about the (100) ((010)) plane, followed by a translation of (1/4, 1/4, 1/4) in the reduced coordinates.
Possible antiferromagnetic ordering with T N 100 K was reported for IrF 4 in magnetic susceptibility measurements [51] . A paramagnetic phase is expected to occur at temperatures above T N , still accessible for an angle resolved photoemission spectroscopy (ARPES). We first discuss the paramagnetic phase, in which the crystal symmetries and band filling guarantee the presence of a nodal chain corresponding to Fig. 1c .
To study paramagnetic IrF 4 we performed firstprinciple calculations as detailed in SM. The obtained band structure is shown in Fig. 3c . We indeed find a nodal chain, plotted in Fig. 4a , consisting of two NSNLs in the (100) and (010) planes. Both NSNLs cross the chemical potential four times resulting in topologically protected touching points between electron and hole pockets shown with arrows in Fig. 3d . Similar touchings of carrier pockets, although of different topological origin, were predicted for type-II Weyl semimetals [27] and ANLs [29, 40, 52] . These Fermi surface touching points can be probed with the soft X-ray ARPES [53] , and were recently argued to be important for potential higher temperature superconducting phases [54] .
The nodal chain produces non-trivial topological surface states on the (100) surface of IrF 4 as shown in Fig. 3e-f . On this surface, the projection of (010) ((100)) NSNL is a line (oval) shown with dashed lines in Fig. 3f . Fermi arcs arise from the touching points of the Fermi pockets. For the projection of the (100) NSNL (also shown as region 1 in Fig. 3h ) a single such arc produced by the drumhead state emerges from the touching point.
The touching points that appear on a linear projection of the (010) NSNL, however, produce two Fermi arcs, consistent with the fact that there are two such Fermi pocket touchings that project onto the same point in the surface BZ.
The arcs originating on different NSNLs are connected either directly or through a carrier pocket. Moreover, the Z 2 invariant computed along the gapped time-reversal symmetric plane projected onto the magenta line in Fig. 3f is non-trivial. Hence, such path corresponds to an edge of a 2D topological insulator, and has to host an odd number of Kramer's pairs of edge states [55] , in accord with the observed connectivity of Fermi arcs -there is a single Kramer's pair of such edge states (see SM).
To understand why both Fermi arcs of the (010) NSNL appear on the same side of its projection onto the (100) surface, we need to expose the approximate chiral symmetry (CHS) present in the material. We constructed a tight-binding model for the j = 1 2 orbitals located on the Ir sites representing the two sublattices of the IrF 4 structure, and fitted the parameters to reproduce the firstprinciples results (see SM). We found that the avoided crossings along the Z−Γ line in Fig. 3c originates from the hoppings within the sublattices. The amplitudes of these hoppings are more than three times smaller than those of the inter-sublattice ones, meaning that in IrF 4 there exists a weakly broken CHS, relating the two sublattices of the crystal structure. The CHS can be restored in the model by setting the intra-sublattice hoppings to zero. The corresponding band structure is shown in Fig. 3c , and one can see that now the gap along the Z − Γ vanishes, and an additional NL appears. It connects to the nodal chain, thus creating a nodal net, shown in Fig. 4 . The projection of the additional NL onto the (100) surface is shown in green in Fig. 3h .
Endowed with the CHS, the Hamiltonian allows for an additional topological classification (see SM), which predicts two/one/zero surface modes to exist in regions marked as 2/1/0 in Fig. 3h . In the presence of the CHS, all these regions are topologically distinct and separated with NLs. When the CHS is weakly broken in real IrF 4 , only the parity of the number of surface states remains topologially protected and the additional NL gets gapped. However, since the breaking of the CHS is weak, the location of surface modes in the surface BZ of IrF 4 is inherited from the chiral symmetric structure.
The possible antiferromagnetic ordering in IrF 4 below T c preserves the nodal chain structure if the magnetic moment is aligned with the [001] axis. In fact, the nodal chain survives weak breaking of time-reversal symmetry, but not the breaking of glide planes. If magnetic ordering preserves only one of the two glide planes, the nodal chain state transforms into the NSNL state.
We looked for other possible nodal chain candidates, which would be nonmagnetic and less prone to correlations than IrF 4 . Although no exhaustive crystallographic data exist, several reports [51, 56, 57] (some with partial crystallographic data) of the stability of XY 4 crystals (X=Ir, Ta, Re; Y=F, Cl, Br, I) with octahedra-formed lattices similar to that of IrF 4 exist. Assuming these compounds crystallize in the same space group as IrF 4 , and hence satisfy the criterion of equation (2), we carried out an exhaustive first-principles study (see SM) of each of them. We predict a nodal chain structure for all of them. We find the particular shape of the chain and its position relative to the Fermi level to depend on the lattice constants of the unit cell, suggesting possible fine tuning with uniaxial or hydrostatic strains.
The prediction of the novel nodal chain state of matter in IrF 4 material class opens interesting venues for further study of novel physical properties associated with these compounds. The presence of both strongly and weakly correlated compounds in this family allows one to study the interplay between the nodal chain topology and electron-electron interactions, as well as magnetism. Application of strains that break one of the glide planes in these compounds provides a route for a similar study of the NSNL phase, as well as for experimental probe of the anomalous magnetoelectric response predicted here for NSNLs.
Supplementary Information file for "Nodal Chain Metals" Here we provide a derivation of the criteria for the appearance of the non-symmorphic nodal loops (NSNLs) and nodal chains presented in the main text. We also discuss the appearance of NSNLs formed by valence or conduction bands, providing real materials where such a situation occurs. Finally, we discuss the NSNLs in antiferromagnetic systems.
Non-symmorphic nodal loops
We first recall a few definitions. Reciprocal lattice vectors G fulfill
for every Bravais vector R. Two momenta are called equivalent if they differ by a reciprocal lattice vector G. Time-reversal invariant momenta (TRIMs) Γ are equivalent to their time-reversed images, Γ = −Γ + G. Combining this relation with equation (1), we obtain
Similarly, in a mirror-symmetric crystal, a mirrorinvariant momentum k is equivalent to its mirror image
where n is the normal vector of the mirror plane. A mirror invariant plane contains four inequivalent TRIMs. To see this, pick up two arbitrary reciprocal lattice vectors G 1,2 such that they both have non-zero in-plane components (G i, = 0) that are mutually noncollinear (G 1, ∦ G 2, ). By symmetry, the mirror images σ n G i are also reciprocal lattice vectors, and hence 2G i, = G i +σ n G i are in-plane reciprocal lattice vectors. Let G i be the shortest reciprocal lattice vector in the direction G i, . Then, by taking all linear combinations
we construct all in-plane reciprocal lattice vectors. These vectors form a grid of equivalent k-points. The midpoints of these vectors form a four-times denser mesh of all the in-plane TRIMs. Thus, there are four inequivalent in-plane TRIMs.
We now consider a spin-orbit coupled (SOC) system with only two symmetries: Time-reversal Θ and a glide plane g = {σ n |t}, i.e. a mirror symmetry σ n with respect to normal vector n followed by a translation by t. Such a system supports only one-dimensional irreducible representations (IRs) everywhere apart from TRIMs. The square of the glide plane is g 2 = E|2t where t = 1 2 (t + σ n t) is the in-plane component of the translation vector, and E is a 2π-rotation, represented by −1 in SOC systems.
It can be seen that g 2 corresponds to a pure translation, and hence 2t must be a Bravais vector. Consequently, g 2 is represented at k by −e −ik·2t from which we conclude that the possible glide eigenvalues are [1] 
Since 2t is a Bravais vector, we find from (2) that
Bravais lattice This leads to two possibilities. Either Γ · t = 0 (mod π) at all four mirror-invariant TRIMs, in which case the glide eigenvalues (4) are imaginary at all TRIMs and no band crossings are enforced. The second possibility is
for Γ 1,2 within the mirror-invariant plane. We argue that in such a case Γ 1 and Γ 2 have to be separated by a nodal line (NL) located within the miror-invariant plane. Consider any in-plane path p that connects Γ 1 to Γ 2 . The Kramer's theorem forces the bands to be doubly degenerate at Γ 1,2 , and the trivial commutator [g, Θ] = 0 makes the glide eigenvalues of a Kramer's doublet complex conjugate. According to equations (4) and (6), the glide eigenvalues of a Kramer's doublet at k = Γ 1 are (+i, −i). As one moves along p, the phase of the eigenvalues has to change by
so they evolve into (+1, −1) at Γ 2 . However, these are not complex conjugate anymore and hence belong to different Kramer's doublets. We infer that Kramer's doublets have to switch partners along p, and a band crossing has to appear in the glide-invariant plane. Since the argument holds for any in-plane path p, there is a line of band crossings separating Γ 1,2 within the plane: the NSNL.
In the absence of additional symmetries, the band structure is built up of the quadruplets illustrated in Fig. 2b of the main text. Simple electron counting suggests that the NSNL if formed by occupied and unoccupied whenever there are
filled bands (see Section A 4 for the discussion of the stability of NSNLs at the Fermi level). Additional symmetries may lead to additional spectrum degeneracies and change the above filling criterion. For example, in the presence of inversion symmetry I the whole argument becomes not applicable, since Θ•I leads to spin degeneracy of all bands throughout the Brillouin zone (BZ). Table I lists all 47 non-centrosymmetric space groups (SGs) that contain a glide plane fulfilling criterion of Eq. (6).
Drumhead surface states
It is known [2] that the presence of accidental NL (ANL) leads to the existence of a drumhead surface state that resides within the projection of the ANL to the surface. Here we argue that this is also the case for NSNLs.
To see this, note that in the presence of spin-orbit coupling ANLs appear in mirror-invariant planes of the Brillouin zone, while, as argued above, the NSNLs reside in glide-symmetric planes. Let us assume that ANL or NSNL is formed by bands N and N + 1. A topological invariant defining the presence of a NL exists for both ANLs [3] and NSNLs. Indeed, a mirror (glide) symmetry leads to the quantization of the Berry phase accumulated by N lower lying bands around any mirror-(glide-) symmetric loop enclosing the ANL (NSNL) into values 0 or π. More precisely, the Berry phase on such a loop is equal to π times the number of NLs enclosed by the loop.
Due to the periodicity of k-space, a particular example of such a loop is a one-dimensional straight line threading across the BZ, orthogonal to the glide plane. For 1D insulators with spatial symmetries quantizing the Berry phase to either 0 or π (like mirror or glide), it is known that in the latter case a metallic end mode of half an electron charge has to exist [4, 5] . Considering a 3D crystal as a collection of coupled 1D chains, one arrives at the conclusion that the projection of the NSNL on a crystal surface has to enclose a topological metallic surface state, which is similar to the drumhead state of ANLs [2] .
Nodal chains
We further focus on systems with (1) a pair of mutually orthogonal glide planes g 1,2 = {σ 1,2 |t 1,2 }. According to the discussion above, each of them may create a NSNL in a mirror-invariant plane. These NSNLs necessarily touch if (2) the suitable choice of the TRIMs Γ 1,2 fulfilling Eq. (6) for both t 1,2 coincides with the two TRIMs along an intersection of the two mirror-symmetric planes. Moreover, (3) the high-symmetry line connecting Γ 1 and Γ 2 should support at least two 1D IRs in the Θ-symmetric case for the presented eigenvalue argument to be valid. Of the SGs listed in Table I , only nine satisfy criteria (1-3). Eight of them preserve the filling condition of Eq. (8) and are listed in Fig. 1 of the main text. The additional space group #110 (I4 1 cd) is more complicated since the minimal number of detached bands is eight rather than four [6, 7] , and because it supports only 2D IRs at P = (Γ 1 + Γ 2 )/2 [8] . This leads to a rather complicated nodal line structure illustrated in Fig. 1b. 
Tuning non-symmorphic nodal loops and nodal chains to the Fermi energy
While the appearance of the NSNLs formed by conduction and valence bands requires the filling of Eq. (8), the experimental observation of the transport properties of NSNLs and nodal chains would require their proximity to the Fermi level. Notice that in general in metals the condition of Eq. (8) does not guarantee this proximity. Indeed, additional carrier pockets can provide the necessary charge compensation in the undoped materials even when the topologically protected degeneracy is away from the Fermi level.
For example, in nodal chain metals, such pockets would generally appear around the double Weyl point, accompanying the nodal chain. Thus, candidate materials for experimental probes of nodal chains and NSNLs should be chosen such that the nodal loops are realized reasonably close to the Fermi level, like in the case of IrF 4 . In other materials, some additional fine tuning of the nodal Bands appear in quadruplets, and Kramer's doublets at Γ1,2 switch partners along the way. The imposed band crossing is the touching point of the two NSNLs. In groups #109 and #122, the crossing is pinned to P = (Γ1 + Γ2)/2. (b) Space group #110 also supports only one-dimensional IRs along the high-symmetry line, but forces pairs of IRs 1 + 1, 2 + 3 and 4 + 4 to become degenerate at P, leading to band octuplets. There are many imposed nodal lines: The squares indicate single NLs, the circles correspond to crossing of straight NLs along high-symmetry lines, and triangles correspond to a pair of NSNLs crossed by a pair of straight NLs along high-symmetry lines.
loops location relative to E F may be required. This fine tuning can be done by straining, applying pressure or doping the compound. Moreover, in materials with additional Fermi pockets a nodal chain or a NSNL can be probed experimentally even when the condition of Eq. (8) is not fulfilled. For ν filled = 4n a NSNL or a nodal chain formed by conduction or valence bands can still have drastic effects on transport provided that it appears sufficiently close to the Fermi level. Examples of such materials are provided by the CuTlSe 2 material class of space group #122 (I4 1 md) . These materials were recently predicted to host Weyl points occurring between the valence and conduction bands [9] , but the presence of the NSNLs formed by conduction or valence bands was missed. Since in many of these compounds the NSNLs are located close to the Fermi level, we expect both the Weyl points and the NSNLs to be relevant for transport properties of these materials.
Generalization to antiferromagnets
Let us finally generalize the argument for the appearance of a NSNL to antiferomagnetic (AFM) systems. For such systems the time reversal Θ is not a good symmetry anymore, but its "non-symmorphic" anologue T = {Θ|t Θ } is, where t Θ is a vector connecting the two spin-polarized sublattices of the AFM. We denote the glide plane as g = {σ n |t σ }. The two operators square to T 2 = E|2t Θ and g 2 = E|2t σ, , thus being equivalent to translations by Bravais vectors 2t Θ and 2t σ, correspondingly. The action of the squares of these operators on Bloch wave functions at k is
being equal to ±1 at mirror-invarinant TRIMs. The commutation relation between the operators is
where
and k ⊥ denotes the momentum component orthogonal to the mirror plane. We observe from (11) that at TRIMs the operators either commute or anticommute.
To guarantee a two-fold degeneracy at a TRIM Γ, its little co-group has to contain an antiunitary operator commuting with H(k) and squaring to −1, i.e. either T 2 (Γ) = −1 or
We say that a TRIM Γ is type-n if it contains n such operators. All the possibilities are summarized in Table II. The possible glide eigenvalues at a TRIM Γ are
Since all glide eigenvalues change their phase along an in-plane path p connecting Γ 1 and Γ 2 by the same increment ∆ϕ = (Γ 1 − Γ 2 ) · t σ, , a NSNL has to appear if η 1 = η 2 at one and η 1 = −η 2 at the other of the TRIMs. This is equivalent to g 2 (Γ)λ(Γ) being positive at one and negative at the other TRIM. We observe in Table II that this occurs if one TRIM is type-1 and the other type-2.
B. A RELATION BETWEEN NON-SYMMORPHIC NODAL LOOPS AND NON-SYMMORPHIC DIRAC POINTS
Introducing inversion symmetry I into a time-reversal symmetric SOC system results in spin degeneracy of all bands. Thus, if the inversion-breaking terms in the Hamiltonian of a NSNL are taken to zero, the NSNL shrinks into a four-fold degeneracy at either Γ 1 or Γ 2 . In a system with time-reversal and glide-plane symmetries this four-fold degeneracy corresponds to one of the nonsymmorphic Dirac points (NSDP) classified in Ref. [10] [or to a Dirac line (that is, a line of four-fold degeneracy) along a high-symmetry axis], uncovering a relation between NSNLs and NSDPs.
Here we consider the following question: Is it always possible to obtain a NSNL by a suitable distortion of a system possessing a NSDP? We show in the following that there are situations when it is not possible to distort a NSDP into a NSNL.
As shown in the work of Ref. [10] , a NSDP located at a TRIM on the BZ boundary requires a simultaneous presence of time-reversal Θ, inversion I, and an even n-fold rotational symmetry C nz (set along the zaxis by convention). For low order expansion in k, the non-symmorphic symmetry matrices can be considered to be k-independent, so that rotation and screw axes become identical for low order k · p expansions. The point group corresponding to these symmetries then contains a twofold rotational symmetry
and a mirror symmetry
The NSDP appears in the mirror-invariant plane (again, there is no difference between a mirror and a glide for low order k · p expansions, in contrast to tight-binding models). Breaking C 2z while keeping σ z allows for the appearance of a NSNL (note that breaking C 2z also breaks inversion and lifts the spin degeneracy of bands). To find how such a crystal distortion modifies the spectrum, we consider additional terms appearing in the Dirac Hamiltonian that are consistent with the symmetries left. The Dirac Hamiltonian is
where k s ± = (k x ± ik y ) s , and γ 1 to γ 5 are mutually anticommuting Hermitian matrices squaring to 1. Together with the commutators γ ij = − i 2 [γ i , γ j ] they form a basis of traceless 4 × 4 Hermitian matrices. The value of the parameter s = 1 (s = 3) corresponds to linear (cubic) Dirac Hamiltonians. Terms in the Hamiltonian that are independent of k and consistent with Θ and σ z can only be proportional to those of the 15 Dirac matrices that commute with both of the symmetries. For Θ we find [3] [Θ, γ a ] = 0 for a ∈ {4, 14, 24, 34, 45}
and {Θ, γ a } = 0 for the remaining Dirac matrices. The classification developed in Ref. [10] allows us to check the anti-/commutation relations of the operator σ z for all possible NSDPs, which we present in Table III . We find that for a NSDP located along a 2-fold or 6-fold rotation axes
leading to a NSNL in the mirror-invariant plane [3] . The bands forming the NSNL have different eigenvalues of σ z , hence the nodal loop is stable against including higherorder symmetry-preserving perturbations to the Hamiltonian. This situation corresponds to both, the NSDPs in β-cristobalite BiO 2 [11] and in distorted spinels BaXSiO 4 [12] . Such a distortion might be induced by a structural phase transition at low temperature [13] or by strain. For NSDPs that occur on 4-fold rotational axes, the corresponding perturbation is
pert. = mγ 4 + u x γ 14 + u y γ 24 (19) anti-/commutes with σz Cnz u A↑ type γ1 γ2 γ3 γ4 γ5 γ14 γ24 γ34 γ45 C2z ± exp i
Relation of non-symmorphic nodal loops to Dirac points. The first three columns reproduce the classification of non-symmorphic Dirac points developed in Ref. [10] , where u A↑ encodes Cnz eigenvalues of the four states degenerate at the nodal point and the third column indicates the type of dispersion around the nodal point. We used the k · p models developed in Ref. [10] to check which of the Θ-symmetric matrices (17) are also σz-symmetric. Those labelled C (A) in the orange columns (anti)commute with the mirror and are therefore (not) present in the non-centrosymmetric k · p expansions (18) and (19) . and the spectrum is gapped whenever m = 0, therefore not leading to a NSNL in general [3] . In the presence of an additional mirror plane parallel to the rotation axis, like in the case of β-cristobalite BiO 2 [11] , a NSNL can still appear in this plane. However, the existence of such a mirror is not in general guaranteed, examples being the A and Z points of the simple tetragonal space group #84.
Combining Eqs. (16) and (18) we find a k · p expansion for a NSNL to be
Using this Hamiltonian we can analytically compute the topological Z 2 charge of the NSNL defined as
Here c is a mirror-symmetric path enclosing the NSNL and A(k) is the Berry connection of the occupied bands. Choosing a specific set of Dirac matrices
consistent with Θ = iσ y K (where K is the complex conjugation), and a path enclosing the NSNL
We find smoothly gauged valence band wave functions
The corresponding Berry connection is
which, upon integration over α, yields the topologically non-trivial value z 2 (c) = 1, as expected for the NSNL.
C. LANDAU LEVELS OF NON-SYMMORPHIC NODAL LOOPS
We consider the effects of magnetic field on the k · p Hamiltonian of a NSNL presented in Eq. (20).
Out-of-plane field
We first consider a perpendicular magnetic field B = (0, 0, B) with B > 0. The Peierls substitution gives
so that the commutator
This allows us to express the Π-operators using the usual ladder operators a, a † = 1 as
(28) Adopting Dirac matrices of Eq. (22) and representing τ -matrices as 2×2 blocks and σ-matrices as elements within the blocks, we obtain the matrix Hamiltonian
where we introduced a rescaled field b = 2v y v z e B. When squared, this Hamiltonian has a block-diagonal form
z . The eigenfunctions (that is, Landau levels) of H are found in the form
where |n is the eigenstate of a number operator a † a|n = n|n . Using the standard algebra of the ladder operators 
where n ≥ 0 and s = +, −. This leads to solutions of the form 0 |0 0 0 and 0 0 0 |0 (34) for the lowest eigenvalue ε 2 = 0, and to solutions
where n is any non-negative integer. It is now easy to check that suitable linear combinations of states in Eq. (34) form eigenstates of H with the corresponding Landau level energies
while linear combinations of states in Eq. (35) gives the eigenstates of H with the Landau level energies
where n is any positive interger. Results of Eqs. (36)- (37) can be written using a single equation
where n ∈ Z. The resultant spectrum is gapped unless w 2 /b ∈ Z, i.e. for magnetic fields
As mentioned in the main text, these gap closings correspond to topological phase transitions, in which a charge e/2 is topologically pumped to the surface of the sample, orthogonal to the direction of the field. To see this, notice that the perturbation of Eq. (18) is proportional to the mirror operator σ z = iγ 34 . As a consequence, tuning the magnitude of the perturbation w shifts the energy of the eigenstates with different mirror eigenvalues in opposite directions, and thus a gap closure in the LL spectrum interchanges "valence" and "conduction" LLs with different mirror eigenvalues. Assuming, in the flavor of k · p theory, that the LLs are gapped at other momenta, this gap closing corresponds to a 1D topological phase transition, in which the Berry phase of the LL (considered as a band in the k z direction) changes by π. This change corresponds to pumping a charge of e/2 to the surface of the sample parallel to the plane of NSNL [4] . For this reason, a change in the Hall response of the metallic surface states is expected to occur at the critical values of the magnetic field, corresponding to the gap closure in the LL spectrum.
In-plane field
Now we consider the case of an in-plane magnetic field B = (B, 0, 0) with B > 0. The corresponding Peierls substitution is
with the commutation relationship
In this case we express the Π operators as
Substituting this into the Hamiltonian of Eq. (20) and using a set of Dirac matrices
we arrive at the following Hamiltonian matrix
Applying the parametrization of Eq. (30) and setting k x = 0, we find recurrence equations for the eigenstates of H(k x = 0) with zero energy
We can construct four linearly independent solutions for this system, starting with a single non-trivial component, ψ s,r 0 = 1. The solutions generated for r = + are not normalizable because of the cumulative divergent factor √ n!, and are therefore non-physical. The normalized solutions for r = − are
0 cosh
where we used
to obtain the normalization factor. For k x = 0 the first order correction to zero energy can be obtained by diagonalizing the matrix
Evaluating the matrix leads to
and the first order correction to the energy becomes
We see that the dispersion of the zeroth LLs is exponentially suppressed for weak magnetic fields b w. This is confirmed by the numerical analysis presented in Fig. 2d . We now show that the crossing of the lowest LLs is protected by system symmetries. Notice that the composition of the time-reversal and the glide plane
remains a symmetry of the system even in the presence of an in-plane magnetic field. Using the Dirac basis of Eq. (22), the glide symmetry is represented as
where ϕ k is a k-dependent phase factor due to the nonsymmorphic shift. A composition with Θ = iσ y K gives a manifestly antiunitary operator
which squares to
For an applied in-plane magnetic field, only the momentum parallel to the field is a good quantum number. If this component is set to zero, k x = 0, then (54) evaluates to −1, hence, by Kramer's theorem, the twofold degeneracy is enforced at this point. (As a consistency check, remember that the case of w = 0 corresponds to a Dirac semimetal, where the zero-energy crossing of the chiral LLs is well-known). Let us briefly compare the response of NSNLs discussed here to that of accidental nodal loops (ANLs). ANLs in a mirror-invariant plane of a time-reversal symmetric system inevitably appear in pairs centered around points ±k 0 , and the symmetry (51) relates LLs of one ANL to the LLs of the other, thus avoiding the two-fold degeneracy at zero energy. As a consequence, ANLs do not produce chiral LLs and therefore should have transport properties qualitatively different from those of NSNLs.
D. NODAL CHAIN MATERIAL CANDIDATES
In this section we present a detailed discussion of the methods used to identify real material candidates for the nodal chain phase, and present the identified materials. We used two complementary approaches: first principles calculations and tight-binding modeling. The latter was done using the Wannier-based tight-binding models with long range hoppings, derived directly from first principles calculations, and also by creating a model with short range hoppings based purely on symmetry analysis and fitting it's parameters to the ab initio band structure.
Crystal structure and symmetry
The material candidates for the nodal chain realization identified in this work are all from the class of Iridium tetrafluoride (IrF 4 ). This parent compound crystallizes in space group #43 (F dd2) with the conventional unit cell parameters [15] a = 9.64(1) Å, b = 9.25(1) Å, c = 5.67(1) Å. (55) The primitive unit cell contains two structural units.
In this crystal structure, shown in Fig. 3a-b , every Ir site is surrounded by an octahedral cage of six F atoms, four of which are shared with the neighboring octahedra, while the remaining two belong solely to one iridium site. These octahedra form a bipartite lattice indicated in color in Fig. 3a -b of the main text. Appropriate straining of the crystal shown in Fig. 3c-d will transform the nodal chain into a single NSNL.
Other representatives of the IrF 4 material class were considered. The lattice constants of XY 4 (X=Ir, Ta, Re; Y=F, Cl, Br, I) were obtained by optimizing numerically both the lattice constants and the atomic positions of the compounds, starting from the IrF 4 structure. The resultant lattice parameters are listed in Table IV 
First-principles calculations
The electronic structure calculations have been performed within the framework of density functional theory (DFT) [16] , using generalized gradient approximation (GGA) [17] with the projector augmented-wave [18] implemented in VASP (Vienna ab-initio simulation program) [19, 20] . Spin-orbit coupling was included into consideration via the pseudopotentials. For all the materials presented the band structures were obtained using a 500 eV energy cutoff for the plane waves and the energy precision of 10 −8 eV. The Brillouin zone was sampled using a 10 × 10 × 10 Gamma-centered mesh. The lattice constants and atom positions listed in Table IV are fully relaxed untill the total energy is converged to 10 eV/Å. Wannier90 [21] [22] [23] code was used to construct a Wannier-based tight binding model. The 20×20 model was obtained by projecting the band structure around the Fermi level onto the five d-orbitals of both Ir atoms in the unit cell. The surface band structures and densities of states were calculated using this tight-binding model and the iterative Green's function technique of Ref. [24] , which was implemented in Wannier_tools package [25] .
Tight-binding model
We now discuss a short-ranged symmetry-based tightbinding model of IrF 4 . The DFT calculations predict the set of bands with 5d-Ir character to be separated from the 5s-Ir bands above and the 2p-F bands below. The local octahedral crystal field splits the 5d-Ir orbitals into a partially filled lower-lying t 2g manifold and an empty higher energy e g states. The spin-orbit coupling further The chiral symmetry (CHS) operator is C = τ z . Comparison of the DFT results with the two approximations is shown in Fig. 5 .
E. TOPOLOGICAL INVARIANT ON THE CURVED PLANE
In the main text we introduced a Z 2 topological invariant of a curved plane, the projection of which onto the (100) surface is shown with a magenta line in Fig. 3f of the main text. The invariant was computed using the method of Refs. [27, 28] as implemented in the Z2Pack software package (https://z2pack.ethz.ch) [29] . Its value was found to be non-trivial, suggesting an odd number of Kramers pairs of edge states to cross the magenta line of Fig. 3f at some energies. The corresponding surface spectral function shown indeed exhibits a single Kramers pair of edge (surface) states, as shown in Fig. 7a .
The value of the Z 2 invariant is also constrained to be non-trivial by crystalline symmetries. To see this, we apply an established technique of Refs. [27, 28] to compute the value of topological invariants by tracking the changes in Wannier charge center (WCC) positions (or, alternatively, a Wilson loop) on cuts of the Brillouin zone. In particular, we consider a cut P = (k x , k ), shown as a magenta plane in Fig. 7b . The cut is formed by k x and a curved line k , and it exhibits a gapped spectrum. The projection of this cut onto the (100) surface is shown with a magenta line in Fig. 3f of the main text. Importantly, this cut P of the Brillouin zone is symmetric under the glide g x , and contains four inequivalent time-reversal invariant momenta (TRIMs), shown as dark points on P.
We now construct the WCCs¯ (k x ) by carrying out the non-Abelian parallel transport of Bloch states along k at different values of k x (some of such parallel transport paths are shown as yellow dashed lines in Fig. 7b ) (see Refs. [21, 27] for details of the procedure). The k lines that connect TRIMs at k x = A or k x = C are mapped onto themselves by time-reversal symmetry, and hence the WCCs at these values of k x should appear in Kramers degenerate pairs [27, 30] . At values of k x other than A and C the degenerate centers split, as shown in Fig. 7c . Since lines located at B ± k x are related by g x containing vertical shift by half-unit cell, the WCCs at B ± k x are themselves displaced by half-unit cell along , as indeed can be seen in Fig. 7c . Due to this shift the connectivity of the WCCs between k x = A and k x = C is constrained in such a way that the Z 2 invariant is trivial (non-trivial) if there are 4n (4n+2) occupied bands [31] , meaning that the WCCs do not exchange (do exchange) partners when k x goes from A to C. This proves the existence of the topological phase for the filling 4n + 2.
F. CHIRAL SYMMETRIC MODEL
Consider the Hamiltonian of Eq. (56) with parameters of Eq. (58) . As discussed in Sec. D 3, such a choice of parameters corresponds to admitting only inter-sublattice (NN) processes. Representing the spin degree of freedom by Pauli matrices σ = (σ x , σ y , σ z ) and the sublattice degree of freedom by τ = (τ x , τ y , τ z ), the chiral symmetry
The symmetry manifests itself in the particle-hole symmetric spectrum of H(k) in Fig. 3c of the main text.
In the sublattice basis, the chiral-symmetric Hamiltonian has the block-off-diagonal form
At momenta, where a spectral gap exists between the conduction and valence bands, det M (k) = 0. We can therefore define a winding number z(c) for any closed path c, along which the spectrum is gapped
which presents a Z-valued topological charge [32] . For a mirror-symmetric loop c, the invariants of Eqs. (21) and (61) are related by [4, 33, 34] z(c) = z 2 (c) mod 2.
Any two paths c a,b with z(c a,b ) = ±1 are topologically distinct in the chiral case, but the distinction is lost once the CHS is broken. Thus, if one-dimensional lines perpendicular to the mirror plane crossing the threedimensional BriIlouin zone of a chiral-symmetric system have distinct chiral charges, they need to be separated by a gapless line in the momentum space. If the chiral charge of the lines is different by 2, this line becomes gapped upon breaking the chiral symmetry (but preserving mirror/glide). Furthermore, we show in the present section that in a crystal with a symmetry S, the winding numbers z(c) and z(Sc) are related by
where N occ. is the dimension of M (k) and the appropriate form of v k and ζ is listed in Table V . The integral in (63) vanishes if c is contractible (i.e. if it does not wind across the BZ). Relations (62) and (63) provide handy tools to explain the appearance of the nodal net in Fig. 4c of the main text.
To outline the derivation of (63), we discuss the case of a unitary symmetry S that exchanges the two crystal sublattices, corresponding to the first row of Table V . Such a symmetry is off-diagonal in the sublattice basis, i.e.
The k-dependence of U (k) ∈ U(N occ. ) and a k , b k ∈ C is assumed to be continuous. The unitarity of (64) implies
Operator (64) alters the upper right block of (60) as
from which we conclude the relation (63) with ζ and v k given in the first row of Table V . We can similarly find ζ and v k for symmetries that do not exhange the two sublattices and for antiunitary symmetries that (anti)commute with C. The presence of a nodal chain in 
This means that for the CHS model deforming c 1 onto c 2 must be associated with encountering at least two NLs. This is indeed true -the red NL in Fig. 8a needs to be intersected twice. We can analogously consider loops c 3, 4 in Fig. 8a related by c 4 = −C 2z c 3 = g y c 3 , and infer Therefore, deforming c 3 onto c 4 is associated with encountering at least two Weyl lines in the CHS case. This time it is the blue NL in Fig. 8a that needs to be intersected twice to connect the two loops.
To explain the apperance of the additional NL imposed by CHS, consider a pair of horizontal loops c 5, 6 in 
Hence, a deformation of c 5 into c 6 is accompanied by crossing two nodal lines. In this case, the presence of the nodal chain itself is not sufficient to satisfy this constraint. Thus, CHS imposes an additional NL located in the k z = 0 plane and separating c 5, 6 . We indicate such possible NLs by dashed green lines in Fig. 8a . A suitable choice of considered paths can explain the actual topology of the additional NL. First, note that Eq. (69) implies that the additional NL cannot terminate at the red NL, because that would correspond to just a single gap closing between c 5 and c 6 , so that it would not be possible to change the topological invariant by 2. Instead, the NL necessarily has to touch the red NL, having a ring-like shape. This leaves us with only two possibilities indicated by the dashed green and magenta lines in Fig 8b. We now show that it is the first option has to be realized.
Consider a path c 7 = C 2z c 5 , such that z(c 7 ) = z(c 5 ). The paths c 5,7 can be merged into c 8 with |z(c 8 )| = 2. If we finally consider a path c 9 = − (g x • Θ) c 8 , we conclude using Eq. (63) that
Therefore, deforming c 8 onto c 9 is accompanied by crossing of four NLs. This implies that the topology of the nodal net cannot take the form (2) of Fig. 8b . More careful argumentation determines the topology of the nodal chain uniquely to that of Fig. 4c of the main text. We expect analogous findings for all eight space groups listed in Fig. 1 of the main text. Let us finally tackle the distinction of the regions designated as "0" and "2" in Fig. 3h of the main text. The labels correspond to the winding numbers of straight paths traversing the Brillouin zone in the [100] direction. The two regions are related by C 2z . Since these loops are non-contractible, we have to take into account the integral term in Eq. (63). We adopt the tight-binding convention with phase factors e 
compatible with the region labels in Fig. 3h of the main text. Finally, note that the appearance of an additional nodal line in the k z = 0 plane is compatible with the symmetries of the system in the CHS case. The little group of any point in the k z = 0 plane contains at least two symmetry operations: the CHS and the product symmetry C 2z × T , where T is the time-reversal operator. Due to the presence of these two symmetries, the existence of double degeneracies in the k z = 0 plane corresponds to vanishing of a general 2 × 2 Hamiltonain, subjected to the two symmetry constraints. As a result, one has a single equation to satisfy by tuning two parameters (inplane momenta), and hence a general solution admits the appearance of nodal lines in the k z = 0 plane. 
k z γ 23 , k z γ 13 , k z γ 35 .
FIG. 8.
Paths considered in the discussion of the chiral symmetric model. (a) The difference of z(c1) and z(c2) can be explained by the red NL separating them. Similarly, the blue NL explains the difference between z(c3) and z(C4). However, the nodal chain alone does not explain the difference between z(c5) and z(c6), and an additional NL in the kz = 0 plane is imposed. (b) The invariants for paths c8,9 are related by Eq. (70), which is consistent with the green NL (1), but not with the magenta NL (2). This uniquely fixes the topology of the nodal net.
A minimal Hamiltonian of a nodal chain is somewhat more complicated. This is because such a model cannot take the form of a k · p expansion, since finite order polynomials can not reproduce the periodic structure of the chain. Instead, the minimal model of a nodal chain can be obtained by combining a polynomial expansion in the momenta perpendicular to the axis of the chain with the fully periodic function of momentum parallel to the chain.
To derive such a nodal chain Hamiltonian, we start again with the model of Eq. (20) developed in Section B that contains a glide g z commuting with γ 1 , γ 2 , γ 5 and anticommuting with γ 3 , γ 4 matrices. To obtain a nodal chain running in the k y direction, we have added a glide g x that commutes with γ 2 , γ 3 , γ 4 and anticommutes with γ 1 , γ 5 matrices. Assuming the simplest possible k ydependence in the form of cosine and sine functions, the complete (k x , k z )-linear model of a nodal chain is given by combining the following 11 terms k x γ 1 , sin k y γ 2 , k z γ 3 , 
where an additional condition w/v > √ 2 needs to be imposed to guarantee a band ordering compatible with a nodal chain in the center of the band quadruplet. Note that in both Eqs. (75) and (76), we omitted possible terms proportional to the identity matrix.
Alternatively, one can construct a true k · p expansion around the touching point (TP) of the two NSNLs in the nodal chain. The model captures only the two bands that form the nodal chain. Up to second order in momentum the corresponding Hamiltonian is 
where a representation, in which both glide operators g x and g z are proportional to σ z is chosen. Such a model has lost the periodicity in k y , and depending on the choice of the parameters c i it may replace one or both closed nodal loops by open nodal lines of parabolic/hyperbolic shape. Note that we also omitted terms proportional to the identity matrix: k y 1, k 
